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We use a novel unitary map toolbox – discrete time quantum walks originally designed for quantum
computing – to implement ultrafast computer simulations of extremely slow dynamics in a nonlinear
and disordered medium. Previous reports on wave packet spreading in Gross-Pitaevskii lattices
observed subdiffusion with the second moment m2 ∼ t1/3 (with time in units of a characteristic
scale t0) up to the largest computed times of the order of 10
8. A fundamental question remained
as to whether this process can continue ad infinitum, or has to slow down. Current experimental
devices are not capable to even reach 1‱ of the reported computational horizons. With our
toolbox, we outperform previous computational results and observe that the universal subdiffusion
persists over additional four decades reaching ’astronomic’ times 2 ·1012. Such a dramatic extension
of previous computational horizons suggests that subdiffusion is universal, and that the toolbox can
be efficiently used to assess other hard computational many-body problems.
Eigenstates of linear excitations in a one-dimensional
medium exposed to an uncorrelated random external
field are exponentially localized in space, due to the cele-
brated Anderson localization (AL) [1]. Thus any evolving
compact wave packet in such a system will first spread,
but then halt and not escape from its localization vol-
ume. The width of the wave packet will be of the order
of the localization length ξ [2]. Experimental verifica-
tions of AL with Bose-Einstein condensates of ultracold
atomic gases loaded onto optical potentials were using
precisely the above technique, i.e. the time evolution of
a wave packet, to prove and quantitatively characterize
the degree of AL [3, 4]. Numerous further experimen-
tal studies of AL employ light [5, 6], microwaves [7], and
ultrasound [8, 9], among others (see also Ref.[10] for a
recent review).
The interplay of disorder with many body interactions
intrigued the minds of researchers ever since AL was es-
tablished. Recent experimental attempts include granu-
lar chains [11], photonic waveguide lattices [6], light prop-
agation in fiber arrays [12], and atomic Bose-Einstein
condensates [13]. In particular, the latter case study-
ing the spatial extension of clouds of interacting 39K
atoms revealed the destruction of AL through the on-
set of subdiffusion – an extremely slow process of wave
packet spreading with its second moment m2 ∼ tα with
α < 1. Here time t is measured in units of a character-
istic microscopic time scale t0. E.g. for ultracold atomic
gases this time scale t0 ' 1ms [13]. Different values of
the exponent α were measured, which ranged between 0.1
and 0.5. That imprecision is due to the slow dynamics of
subdiffusion that did not allow to quantitatively assess
the subdiffusion exponents. E.g. in the atomic gas case,
the need to keep the condensate coherent, results in a
time limitation of about 104, i.e. about 10s. Thus there
is clear need of alternative computational studies which
may shed light on the fate of expanding wave packets.
With the large number (∼ 106) of interacting cold atoms,
semiclassical approximations lead to effective nonlinear
wave equations similar to the celebrated Gross-Pitaevskii
one, with two-body interactions turning into quartic an-
harmonicity.
Computational studies of spreading wave packets in
various nonlinear and disordered systems revealed inter-
esting features. On times up to 102, an initially compact
wave packet expands up to the size of localization length
ξ. After that a subdiffusive spreading of the wave packet
[14, 15] with α ≈ 1/3 occurs. At large times the wave
packet is composed of a still growing central flat region
of size m
1/2
2  ξ with sharp boundaries of size ξ.
Qualitatively the subdiffusion can be explained as fol-
lows. The chaotic dynamics inside the wave packet leads
to dephasing of the participating localized Anderson nor-
mal modes. With coherence lost, wave localization can-
not be anymore sustained. The assumption of strong
chaos (quick and complete dephasing of all modes) re-
sults in the stochastic interaction between the localized
normal modes and the prediction α = 1/2 [15]. An addi-
tional phenomenological estimate of the impact of finite
but small probabilities of resonances between interacting
normal modes finally leads to a substantial suppression
of dephasing and the correct value α = 1/3 [15]. Inter-
estingly the validity of this estimate was confirmed with
tests of its predictions for larger system dimensions [16],
and different exponents of nonlinear terms which corre-
spond to various N -body interactions [17]. Successful
tests of systems with quasiperiodic (instead of random)
potentials [18], and nonlinear versions of quantum kicked
rotors [19, 20] yielded subdiffusion with α = 1/3 as well,
and revealed additional universality aspects of the ob-
served process [10]. The largest times reached by these
computations were 108−109. In the case of one single dis-
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2FIG. 1. A schematic representation of a general discrete-time
quantum walk. The vertical arrows indicate the quantum coin
action within each two level system, while the horizontal ones
show the action of the transfer operator.
order realization a reported evolution for a Klein-Gordon
chain reached time 1010 [21]. As a side note, in weakly
nonlinear systems Anderson localization in the evolution
of finite size wave packets is restored in a probabilistic
manner [22–24].
To address the fundamental question whether wave
packet spreading slows down or continues, we use a novel
unitary map toolbox – Discrete Time Quantum Walks
(DTQW). We peek beyond previous horizons set by the
CPU time limits for systems of coupled ordinary differen-
tial equations. We obtain results for unprecedented times
up to 2 · 1012 and thereby shift the old Gross-Pitaevskii
horizons by four decades.
DTQW were introduced as quantum generalizations
of classical random walks by Aharonov et al. [25].
The DTQW evolution is a (discrete) sequence of uni-
tary operators acting on a quantum state in a high di-
mensional Hilbert space. DTQW shows quantum inter-
ference/superposition [25], entanglement [26], two-body
coupling of wave functions [27], Anderson localization
[28], etc. DTQW experimental realizations were reported
with ion trap systems [29], quantum optical waveguides
[30], and nuclear magnetic resonance quantum computer
[31]. Quantum walks are studied by the quantum com-
puting community since they allow for implementing al-
gorithms which exponentially surpass known classical
ones [32, 33].
Consider a single quantum particle with an internal
spin degree of freedom, moving on a one-dimensional lat-
tice. Its dynamics is determined by a time- and lattice-
site-dependent two-component wave function Ψn(t) =
{Ψ+n ,Ψ−n }, which evolves under the influence of some pe-
riodic Floquet drive. Then, its evolution can be mapped
onto a sequence of unitary maps. The unitary map
evolves the wave function over one period of the unspeci-
fied Floquet drive. For a DTQW, this map is the product
of a coin operator Sˆ and a transfer operator Tˆ±. The coin
operator Sˆ =
∑
n Sˆn =
∑
n Vˆn |n〉 〈n|, with the single site
quantum coin
Vˆn =
(
cos θ eiϕn sin θ
−e−iϕn sin θ cos θ
)
. (1)
A schematic map flow is shown in Fig.1. This unitary
matrix parametrization is a particular realization of the
general case discussed in Ref. [34], with two angles θ (ki-
netic energy) and ϕn (site dependent internal synthetic
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FIG. 2. Wave packet density profiles ρn for linear g = 0
(orange solid lines) and nonlinear g = 3 (blue solid lines)
DTQWs at the time tf = 10
8 (linear case) and tf = 2 ×
1012 (nonlinear case). (a) lin-lin plot. (b) log-normal plot.
The black dashed lines indicate exponential decay with the
corresponding localization length e−2|n−n0|/ξ.
flux). Such coin operators can be implemented by time–
dependent perturbations [35–38].
The transfer operator
Tˆ± =
∑
n
|n〉 〈n+ 1|⊗|∓〉 〈∓|+|n〉 〈n− 1|⊗|±〉 〈±| , (2)
with± corresponding to the + components shifting either
to the right or to the left. We will use T+ across the
paper. The DTQW evolution follows as a sequence of
successive Sˆ and Tˆ+ operators acting on the state:
Ψn(t+ 1) = Mˆn−1,+Ψn−1(t) + Mˆn+1,−Ψn+1(t), (3)
where the matrices Mˆn,± are defined by the elements of
Vˆn:
Mˆ+ =
(
V11 V12
0 0
)
, Mˆ− =
(
0 0
V21 V22
)
. (4)
Next, we consider a strongly disordered DTQW with
random uncorrelated angles ϕn being uniformly dis-
tributed over the entire existence domain [−pi, pi). The
resulting unitary eigenvalue problem is solved by find-
ing the orthonormal set of eigenvectors {Ψ˜ν,n} with
Ψ˜ν,n(t + 1) = e
−iων Ψ˜ν,n(t) and the eigenvalues e−iων ,
where ων is the quasienergy. All eigenvectors are expo-
nentially localized on the chain [34]. This is a manifes-
tation of Anderson localization. Remarkably, for such
3strong disorder all eigenvectors Ψ˜ν,|n|→∞ ∼ e−|n|/ξ are
characterized by one single localization length ξ(θ) which
does not depend on the quasienergy ων of a given state
[34]:
ξ = − 1
ln(|cos(θ)|) . (5)
Another remarkable feature is that for any value of the
localization length – either small or large compared to the
lattice spacing ∆n ≡ 1 – the spectrum of the quasiener-
gies of an infinite chain is densely filling the compact
space of angles of complex numbers on a unit circle [34].
Therefore, the density of states is constant, and gaps in
the spectrum are absent.
Anderson localization is manifested through the halt
of spreading of an evolving wave packet. In our direct
numerical simulations, we choose θ = pi/4, which results
in a localization length ξ ≈ 2.9 and a typical localized
Anderson eigenstate occupying about 10 lattice sites. We
choose the initial state to be localized on M sites:
Ψn(t = 0) =
1√
2M
(1, i) , n = n0, ..., (n0 +M − 1) . (6)
We evolve this state using Eq.(3) until t = 108 for a
system of size N = 2400 and M = 1. The density distri-
bution ρn(t) = |Ψ−n |2 + |Ψ+n |2 observed for such time is
presented in Fig. 2(a) (orange solid lines). The distribu-
tion is clearly localized, with the width of a few localiza-
tion lengths. The tails are exponentially decaying, with
a slope which is well fitted using the localization length
ξ in Fig. 2(b). To further quantify the halt of spread-
ing, we compute the first moment n¯(t) =
∑N
n=1 nρn(t),
and then the central object of our studies – the second
moment
m2(t) =
N∑
n=1
(n− n¯(t))2ρn(t) , (7)
The time dependence of m2 is plotted in Fig.3(a). We
observe a halt of the growth of m2(t) at t ≈ 102, which
together with the profile of the halted wave packet (see
Fig. 2) is a clear demonstration of Anderson localization.
We now leave the grounds of linear DTQW and gener-
alize the DTQW to a nonlinear unitary map by adding
a density-dependent renormalization to the angle
ϕn = ξn + gρn , (8)
where g is the nonlinearity strength. We note that (8)
keeps the conservation of the total norm:
∑
n ρ˙n = 0.
Our main goal is to measure the details of subdiffusive
wave packet spreading on large time scales with ρn 
1. Therefore we use a low-density approximation for the
quantum coin (1) which approximates the exponential
factors of the coin without violating evolution unitarity:
eiφn = eiξn
(√
1− g2ρ2n + igρn
)
. (9)
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FIG. 3. (a) m2(t) versus time in log-log scale for the linear
g = 0 (orange solid lines) and nonlinear g = 3 (blue sold lines)
case from Fig.2. (b) The derivative α(t) versus time for the
data of the nonlienar run from (a) (blue line). Black dashed
line corresponds to α = 1/3.
The computational advantage of fast calculations of
square roots as opposed to slow ones of trigonometric
functions serves the purpose to further extend the simu-
lation times. To guarantee unitarity of the evolution, we
choose M > 1 such that g2ρ2n  1.
We evolve a wave packet with g = 3 and M = 13
and plot the density distribution at the final time tf =
2 · 1012 in Fig.2 (blue solid line). This is a new record
evolution time, beating old horizons by a factor of 104.
We observe a familiar structure of the wave packet: a
homogeneous wide central part with clean remnants of
Anderson localization in the tails (Fig. 2(b)). The width
of the wave packet reaches about 900 sites and exceeds
the localization length ξ by a stunning factor of about
300. The time dependence of the second moment m2(t)
is plotted in Fig.3(a). A clean and steady growth of the
wave packet width is evident, and the linear fitting on
the log-log scale (black line in Fig. 3(a)) indicates the
universal α = 1/3 value.
However, we note that a straightforward fitting with
a single power law can yield misleading results, since
it is not evident where the asymptotic regime (if any)
will start. To study the asymptotic regime in detail we
quantitatively assess it by applying standard methods of
simulations and data analysis [39]. We calculate local
derivatives on log-log scales to obtain a time-dependent
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FIG. 4. (a) The geometric average m2 versus time for 108
disorder realizations up to time t = 108. The nonlinear pa-
rameter g varies from bottom to top as 0.5 (blue), 1 (orange),
1.5 (green), 2 (red), 2.5 (purple). (b) The derivative α(t) ver-
sus time for the data from (a) and same color codes. The
horizontal dashed line corresponds to α = 1/3. (c),(d) Same
as in (a),(b) but for g = 2.5 (blue) and g = 0.5 (orange) and
up to time t = 1010. Shaded areas indicate the statistical
error.
exponent α(t) = d [ln(m2)] /d [ln t]. The resulting curve
is plotted in Fig.3(b) and strongly fluctuates around the
value 1/3.
In order to reduce the fluctuation amplitudes, we ob-
tain m2,n(t) for R = 108 disorder realizations and com-
pute the geometric average lnm2(t) =
∑
n lnm2,n(t)/R.
In Fig.4(a) the results are shown for various values of
g = 0.5, 1, 1.5, 2, 2.5 up to times 108 (the corresponding
values of M are 5, 8, 8, 10, 10). All curves approach the
vicinity of α = 1/3 with fluctuation amplitudes substan-
tially reduced as compared to the single run in Fig.3(b).
For g = 0.5 and g = 2.5 we extend the simulations up
to time 1010 in Fig.4(c) and observe a clear saturation of
α(t) around 1/3 in Fig.4(d). In particular, the weakest
nonlinearity value g = 0.5 is expected to show the earli-
est onset of asymptotic subdiffusion. Indeed we find in
this case α = 1/3± 0.04 starting with times t ≥ 107.
It is instructive to rewrite the evolution equations in
the basis of linear eigenmodes of the g = 0 case. Using
the Taylor expansion of nonlinear terms valid at large
times when ρn  1 [39] we rewrite the unitary evolu-
tion of the wave function in the g = 0 eigenmode basis
Ψn(t) =
∑
α aα(t)Ψ˜α,n:
aα(t+ 1) = aα(t)e
iωα
+ig sin θ
2N∑
α1,α2,α3
Iα,α1,α2,α3aα1(t)
∗aα2(t)aα3(t), (10)
with the overlap integral
Iα,α1,α2,α3 =
N∑
k=1
〈Ψ˜α,k|uˆ(k)Ψ˜α3,k〉 〈Ψ˜α1,k|Ψ˜α2,k〉 . (11)
The structure of these resulting equations is strikingly
similar to the ones obtained from Hamiltonian dynamics
[14, 15]. In particular, we obtain cubic nonlinear terms on
teh rhs of the asymptotic expansion (17). Together with
the one-dimensionality of the system the prediction of a
subdiffusive exponent α = 1/3 follows from Ref.[14, 15].
To conclude, DTQW are very useful unitary map tool-
boxes which allow for extremely fast quantum evolution,
in particular due to covering finite times with one step
(jump), and due to the fast(est) realization of a trans-
fer/hooping/interaction on a lattice. We used a disor-
dered version to obtain Anderson localization with the
spectrum being dense and gapless and of compact sup-
port. The resulting localization length ξ is not depending
on the eigenvalue of an eigenstate and can be smoothly
changed in its whole range of existence using one of the
control parameters of the DTQW. All these features in-
duce highest aesthetical satisfaction for what is to come.
We then generalize the map to a nonlinear disordered
DTQW and study destruction of Anderson localization.
Wave packets spread subdiffusively with their second mo-
ment m2 ∼ tα and the universal exponent α = 1/3. The
record time tf = 2 · 1012 is reached, which exceeds old
horizons by 3-4 orders of magnitude. The size of the
wave packet reaches ≈ 300ξ. The relative strength (or
better weakness) of the nonlinear terms in the DTQW
reaches 0.01/pi ≈ 0.003. No slowing down of the subdif-
fusive process was observed. Therefore chaotic dynamics
appears to survive in the asymptotic limit of decreasing
wave packet densities.
We expect DTQW to be useful in the future also for
exploring other hard computational tasks, e.g. subdiffu-
sion in two-dimensional and even three-dimensional non-
linear disordered lattices, and many body localization in
interacting quantum settings.
This work was supported by the Institute for Basic
Science, Project Code (IBS-R024-D1).
SUPPLEMENTARY MATERIAL
Asymptotic evolution equation
The discrete-time evolution is defined by a nonlinear
map operator,
|Ψ(t)〉 = Uˆ t |Ψ(0)〉 , t ∈ N
Uˆ = Tˆ ⊗
N∑
n=1
Sˆn.
(12)
In order to separate the nonlinear components of Uˆ in
|Ψn| → 0, we consider a single coin operator on the site
5n. It can be factorized,
Vˆn = ZˆnVˆ
(0)
n Zˆ
−1
n ,
Zˆn =
(√
1− g2ρ2n + igρn 0
0 1
)
,
(13)
where Vˆ (0) is the local coin operator under zero nonlin-
earity. Evaluating this to separate the linear part and
consecutive nonlinear terms with different nonlinear ex-
ponent yields,
Vˆn = Vˆ
(0)
n + igρn sin θ
(
0 eiξn
e−iξn 0
)
+ sin θ
(√
1− g2ρ2n − 1
)( 0 eiξn
−e−iξn 0
)
.
(14)
Using a Taylor expansion in the small nonlinearity limit,
the evolution operator contains a sum of a linear term, a
second-order (in |Ψn|) term and a sequence of 4k-order
terms k ∈ N.
The full non-linear map reads
Uˆ = Uˆ (0) + ig sin θ
N∑
k=1
ρkuˆ
(k) +O (g2ρ2k) ,
uˆ(k) = Tˆ ⊗
((
0 eiξn
e−iξn 0
)
|n〉 〈n|
)
.
(15)
We will explicitly evaluate the first-order non-negligible
term in nonlinearity only.
Let us consider the evolution in the linear limit eigen-
mode basis,
Uˆ (0) |Ψ˜α,k〉 = eiωα |Ψ˜α,k〉 , α = 1, 2, . . . 2N. (16)
With the wave function expanded in this basis Ψk(t) =∑
α aα(t)Ψ˜α,k, the evolution equations read
aα(t+ 1) = aα(t)e
iωα
+ig sin θ
2N∑
α1,α2,α3
Iα,α1,α2,α3aα1(t)
∗aα2(t)aα3(t), (17)
with the overlap integral (or matrix element, or overalp
integral)
Iα,α1,α2,α3 =
N∑
k=1
〈Ψ˜α,k| uˆ(k) |Ψ˜α3,k〉 〈Ψ˜α1,k|Ψ˜α2,k〉 . (18)
Numerical Approach
Let us discuss the details of simulations and data anal-
ysis. We directly propagate evolution equation (12). The
initial conditions are uniformly spread over several neigh-
boring sites to guarantee positivity and unitarity of the
coins.
The only source of the numerical error is the round-off
errors of the finite dimensional computer algebra. We
estimate the error by means of the total packet norm.
It is equal to 1 for initial conditions and supposed to be
constant due to unitary evolution. The relative value of
the error never exceeded 10−4.
In all the calculations we use θ = pi/4. The system size
N is between 2000 and 2500. The results which include
ensemble averaging employ around 102 realizations of the
random field {ξn}. The total evolution times reach up to
2 · 1012 time steps, which exceeds the maximum previ-
ously gained limits for such analysis to the best of our
knowledge.
The averaged curve of the second moment m2(t) is
smoothed with the locally weighted regression smooth-
ing (LOESS) [? ? ] algorithm. The power-law ex-
ponent is then calculated as the two-point derivative
of the smoothed data. To verify the smoothing proce-
dure and exclude overfitting we also performed fitting
with Hodrick-Prescott filter [? ], Gaussian convolution
smoothing and local 4th order polynomial fitting with an
analytical derivative. We found all methods generating
results within the statistical margin of error. The LOESS
approach turned out to be more robust than other op-
tions. When averaging we estimate the error as the stan-
dard error of the mean.
To additionally speed up the simulations and reach
further time limits we used GPU computing with CUDA
language.
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